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Part 8: Impulse, and Momentum

University Physics V1 (Openstax): Chapters 9
Physics for Engineers & Scientists (Giancoli): Chapters 8

Impacts and Impulse

e Collisions generally occur over a short time interval.
e When two objects collide, the surfaces will deform (surfaces compress).

e These surfaces act like springs (albeit with large spring constants). The greater the compression,
the greater the force. This allows the contact forces (equivalent to normal forces) to slow the
colliding objects and redirect them.

e Some of the collision energy may be released as heat (warming the colliding objects) and sound.
Other energy might be consumed in permanently deforming one or both of the objects. As these
energies are difficult to account for, conservation of energy can only be used special cases.
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e Impulse (J): J= fttlzﬁ(t)dt = Fppg - At
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J= f F(t)dt = ma(t)dt = m | a(t)dt = m[ﬁ(t)]ij = mv, — mv,
t

1 tl tl
e Momentum (P): P =mb

e The impulse delivered to an object is equal to that object’s change in momentum.

[
J= f F(t)dt = F,q - At = mv, —mv; = AP
t

1

dP

dt

. ) = AP 5
e Which also means:  F,,; = i F =
Example: A golf ball (mp = 45.0 g) starts at rest on a tee. After the golfer strikes it, it is moving at
38.0 m/s. During impact, the club remains in contact with the ball for 3.00 ms. A) What is the change
in momentum of the ball? B) Determine the average force applied to the ball by the club.

A) AP = Pringr — Prnie =mv —mvg = m(v —v,) = (0.0450 kg) (3802 - 0%) = 1.71kg - =

AP 171 kg

B) FAvg = A

s =570N
t 3.00x107°s
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Example: The Space-X Falcon 9 rocket has a mass of 1.48 x10° kg when loaded with payload destined
for low-Earth orbit (leo). Its engines generate a force given by F(t) = B(1-€°") where p = 2.28 x10" N
and 6 =0.139 s™%. If the rocket is at rest at t = 0, how fast is it moving at t = 5.00 s?

This problem is one dimensional (vertically upward). Vectors can be dispensed with.

2
J = .[; F(t)dt = mv

1

] = f:ZF(t)dt = fot[ﬂ(l —e Y]dt = f [B— e °t]dt = fotﬁdt + fot—ﬁe“”dt

t
1 0
B

] = 18l - [—ge]0 = pr-La-emy= ple-—a-e)

1 i}
] = (2.28 x 107 N){(S.OO s) — =) [1— (01395 1)(5-005)]} =3.1834 x 10’ N-s

(0.139 s

J 3.1834 x10’N-s m
m 1.48 x 10° kg s

General Collision

M - - -
C vy Objectl: [, = F,-At = AP, = m#! — mi,
v, L
Collision
Point - - - - - -
o Ji+ ], = F At + F-At= (F, + F,)-At=0

M,

/ @ 1_51 + 1_52 = 0, because Newton’s 3" law says ﬁz = —ﬁl
eV v\,

Ji+ ], = (mv; —mv;) + (mv; —mi,)
it ]2 = (mﬁ{ + mﬁé) - (m171 + mﬁz) = Prinat — Pmit

Prinat — Pric = 0 Prinat = Prnit

Momentum is conserved!
...As long as no external forces provide outside impulse.

Example: A defensive lineman (mpL = 138 kg) is moving at 8.00 m/s when he tackles a stationary
quarterback (mge = 110 kg). A) What is the velocity of the pair after the collision? B) If the collision
takes 0.200 s, what is the average force delivered to the quarterback?

_ (138 kg)(8.00%)

= . — — _MpLV _ — m
A) Prinat = Pt (mQB + mDL)U mp; Vo v moa+mpy (110 kg+138 kg) 4.45 5
_ (110 kg)(4.45= .
B) Fuyy = APos _ mesv70 _ 9(4157) =245kN  (approximately 550 Ibs of force)

At At (0.200 s)
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m m
APgg = mopv = (110 kg) (445 ;) =490 kg - —

m m m
APDL = MpV — Mp Vg = mDL(U - vo) = (138 kg) (4‘4‘5?_ 800 ?) == _4‘90 kg '?

The momentum lost by the defensive lineman is transferred to the quarterback

Enerqgy and Momentum in Collisions

e Momentum is conserved in collisions when no net outside forces are present.
e Gravity is typically negligible as it has almost no effect over such a short time interval.

e Energy may or may not be conserved in collisions. For example, energy might be released as
heat (lost).

e Three types of collisions:

e In Elastic Collisions, both energy and momentum are conserved.

e In Inelastic Collisions, momentum is conserved, but energy is not.

e In Completely Inelastic Collisions, momentum is conserved, but the maximum possible
energy is lost as the objects stick together.

¢

©

. . Completely
Elastic Inelastic Inelastic

Example: A curler slides a 20.0 kg stone across the ice surface. The stone is moving at 0.750 m/s when
it collides head-on with a second, stationary 20.0 kg curling stone. If this is an elastic collision,
determine the velocity of both stones after they strike.

Note: The term ‘head on’ indicates that the center of mass of both objects is in line with
the velocity. In other words, this is a 1-dimensional problem. Vectors can be ignored.

Before Collision After Collision
VO Vl VZ
m—- - .
Conservation of momentum: Pinit = Prina mivg = muv; + myv,

. 1 1 1
Conservation of energy:  Einie = Erinal Emlvg = Emlvlz + Emzvz2 mvi = myv? + myvi
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Here’s a mathematical trick that helps with elastic collisions:
Rearrange momentum equation: m;(vy — v;) = myv,
Rearrange and factor energy equation:  my(v3 — vZ) = myv:  my(vy — v) (W + 1) = Mmyv2

- - mq(Vog—v VotV m UZ
Divide equations: 1(ov0)Wo¥vs) _ T3 Vo + v = 1y
mq (Uo— 'U]_) myv,

Multiply by m; and add the rearranged momentum equation:

2m1v0

my(vo +v1) + my(we —vy) = my(vy) + my(vy) 2myvy = (my + my)v, vy = oty

V= Do — o = 2my v, _ (my +my)v, _ (my —my)v,
! ? ° (my +my) (my +m,) (my +my)

AS M1 = M2 in this case... vV, = Vy = 0.75% and v, =0

Ballistic Pendulum

e The ballistic pendulum is used to measure

the velocity of projectiles (such as bullet).
Moments

Later e First, the projectile makes a completely
inelastic collision with the much heavier
hanging mass of a pendulum bob.

. e The velocity of the pair after the collision
B - -—V- ‘h causes the pendulum bob to swing
upwards, and the height is measured.

(]:3elfl'(_n:e After From this height we can produce the
ollision Collision velocity of the projectile.
e To start we need to relate the ‘Moments Later’ image to the ‘After Collision” image.

e Can we use conservation of momentum? No, an external force (gravity) acts on the
system. Momentum is not conserved.

e There is no collision in this interval. Energy is conserved.

Emmic = Erina %(T’H'M)Vz = (m+ M)gh vi=2gh v=.2gh

e Next we need to relate the ‘After Collision” image to the ‘Before Collision’ image.
e Can we use conservation of energy? No, a collision occurs. Energy is not conserved.
e There are no (horizontal) external forces in this interval. Momentum is conserved.

Prit = Prina mvo = (m+ M)v Vo = (1+%)U: (1+%)\/m

Collisions in Two Dimensions

e Conservation of momentum is applied by components for each axis of motion.
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Pfinal = Pinie  implies Pfinal—x = Pipit—x and Pfinal—y = Linit-y

e Intwo dimensions, conservation of motion gives two equations, allowing you to find two
unknowns.

Example: The cue ball approaches a stationary ball of equal mass at 3.00 m/s. After the collision the
balls separate, the velocity of each ball making a 45.0° angle with the cue ball’s original path just on
opposite sides. Determine the velocity of both balls after the collision.

Y-Components: Prinai-y = Pinit—y mgvg sin g — myv,sinf, =0
mgvg sin g = myv, sinf, Vg = vy
Y-Components: Prinai-x = Pinit—x mpgvp cos Og + myv, cos B, = myv,
Vg €c0s 45° + v, cos45° = v, v, €0S 45° + v, cos45° = v,
Vo <

3.0 m m

° = = = S = —_ = = —_
2v4 cos 45° = v, VA= T ™ Jooeas = 2.12132 . vg = v, =212 .
Is this an elastic or inelastic collision?

1,1 my 2 m?
Eppir = =mu2 =§m(3.00?) = (450 = )m

2
T ., 1 2 my? m?
Efina = 5mv} + zmvf = mo} =m(212132—) = (450 — |m

So it’s elastic.
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Example: A car (mcar = 1300 Kkg) is heading north at 20.0 m/s when it collides with a truck (Mtruck =
2000 kg) heading east at 15.0 m/s. During the collision the bumpers lock, holding the car and truck
together. Determine the velocity of the pair after the collision.

m
Prinal-x = MrruckVrruck = (2000 kg) (15-0_)
l)F‘uml m S
Brinary = 30,000 kg ?
e E————

m
Prruc Prinats Prinal—y = MearVear = (1300 kg) (20_0?)

= My ek¥Truck

m
Pear =26,000kg - —

= M¢aVear

2 2

(30,000 kg ?) + (26,000 kg ?) = 39,699 kg ?

— 2 2
PFinal - JPFinal—x + PFinal—y

m
Prinar _ 39699 kg
m (2000 kg + 1300 kg)

m
Vrinal = = 120?

Center of Mass

e The dynamics of any object are equivalent to having the entire mass at a single point, the center
of mass.

e This allows us to treat every object as a point with mass.

e Asthis is also true for gravity, the center of mass is also called the center of gravity.

e The Center of Mass of an object is the mean (average) position of its mass.

e [For scattered point masses:

X — Mm1Xq1+ MyXy+ MaX3+- — Z.{l:1 mix — miy;+ myy,+ mgyz+--- — Z?:1 miyi
M my+ my+ mg+-- Sami Yem my+my+ mg+e Sami
Example: Find the center of mass.
y myXxq + myXx, + msXxs3 + MyXy
Xem =
my + m, + msg + my
1 1.0kg
w Z-D.kg ® _ (40kg)(2.0m) + (3.0kg)(6.0m) + (2.0 kg)(7.0m) + (1.0 kg)(10.0 m) _ 50
, Xom = 40kg+3.0kg +20kg + 1.0 kg =>om
8
7
o a0k _muy + MYy, + M3y; + mMyy,
5 ‘® £ Yem my; + my, + my+m,
4 3.0kg
s ° _ #0kg)(5.0m) + B0 kg)B0m) + 20kg)(10.0m) + (10 kg)(ALOmM) _
2 Yem = 4.0kg +30kg +2.0kg + 1.0 kg =oam
1

X

1 2 3 4 5 6 7 8 9 10 11 12
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e The center of mass of a system of particles of net mass M, moves like a particle of net mass M.
When subject to the next external forces it accelerates according to Fnet = Ma.

_dxem  d (mlx1 + myx, + max; + )

M,
' V., = = —
v V'/' M7 odt T dt\  my+ my + mg+ -
\ “

_d <m1x1 + myx, + max; + )
M

CM Collision v
Point cm

— . dt

M, @ _ mydx;  mydx,  mzdxs
@/sz W\, Vem = M dr "M de M dtr

I

mv; Mmpv, M3V3 myv,’  myv,’  maus
Vem = 7y M M M M M
e For mass distributions:
[ xdm [ydm
Xcm = [dm Yem = [dm

e The object is broken into infinitesimally small pieces where ‘dm’ is the mass of any given piece.
These are then added together (integration).

e Typically, dm is written in terms of volume and density.
m= p-V therefore... dm= p-dV
Example: Find the x-component of the center of mass of the triangle shown. Assume uniform thickness
and density.

Step 1: Split mass into small pieces, each with the same value of x (as x appears in our equation)

Step 2: Find ‘dm’, the mass of the strip.

y -
dm = pdV = pz,A = pzoydx ’ \
The mass of this

In this instance, we must find y as a function of x rin s
(since y varies with x).

A _0=%_ _%
Ax Xo—0 )

y=mx+b m=

b=y, dm= pzyydx = pzy(mx+ b)dx
dx Xo

Step 3: Plug in and integrate.

N [ xdm _ foxox[pzo(mx + b)dx] _ P% fox(’(mx2 + bx)dx _ fox(’(mx2 + bx)dx
M [dm 152 pzo(mx + b)dx Pz f, °(mx + b)dx Jo 2 (mx + b)dx

1 3.1, .7 1 1 Yo) .3 2
[gmx + be ]0 gmxg + 7bx§ 2mx + 3bx? 2 X x5 + 3Yox}h
Xcmy = x = 1 = > =
[%mxz + bx] 0 2mx + bxg 3mxo + 6bxg 3(—%) xg + 6Y0xo
0 0

_ —2Y0X§ + 3Y0X§ _ YoX§ 1

T —3yexo+ 6YoXo  3¥oXp 3 °

XcMm
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